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HACA TN 1310

CHARTS FOR STRESS ANALYSIS OF REINFORCED CIRCULAR
CYLINDERS UNIER LATERAT, LOADS
By Joseph Kempner and John E. Duberg

Mey 1947

Figure 40: When the curves for Csto in this figure were falred in

between the computed points, the falrings for velues of A/B of 30
and 100 were inadvertently reversed in the cross-over region near
@ = 42°, These curves should be identical, except for sign, with
those for Cm.o in figure 33, for which the falrings are correct,

Values of the coefficlent CBtO can therefore be obtalpned from the

latter curves with signs reversed.
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TECHNICAL OTE HC. 1310

CHARTS FOR STRESS AMALYSIS OF REINFORCED CIRCUIAR
CYLINDERS UNDER TATERAL LOADS

By Joseph Eempnor and John B. Duberg

Charts providing coefficisnts for the stress analysis of a
reinforced circular cylinder are presented. These chartes facillitate
the rapid determination of the sheer flows end d&lrect stresses in
the sheet of the cylindexr as well as the shear forces, axial forces,
end bending moments in the rings. Separate charis are given Ffor
each of the three basic ring losdings: & concentrated radlal load,
a concentrated tangential load, and a concentratsd bending moment.
These charts apply to & cylindsr of mmiform construction loaded in
the plane of one relnforcing ring and are based wpon the solution
of the finite-difference equetion ésveloped in NACA Technical Note
Wo. 1219, which, in contrast to the elementary engineering analysis,
includes the effects of deformations of rings and sheet. To obiain
the coefflciente the stress enalyst need msrely compute the velues
of two sirple structural parameters end refer to the curves presented
in the charits. The stresses due Lo loads applied at several rings
or at different positicme cn the same ring can be superimposed to
glve the stresses caused by these loads acting simulisneously.

INTRODUCTION

Tn seversl papers {references 1 to 4) the elementary theory of
bending end torsion is shown to bs inadsquate for the stross mnelysis
of the relatively flexible shell structures used In alrframe
construction. In referencs 1 & recurrence formule suitable for an
accurate analysis of the stresses in reipforced clrcular cylinders
was developsd. This formpla was treated for long cylinders (similar
to alrplane fuselages) as a fourth-order finite-differencs ‘eguation
end was readlly solved for cylinders of wmiform comsitruction. The
present paper conteins charts bassd on the solution of the finlte-
difference squation. These charts ensble the stress analyst to
determins the stresses and loads in the sheet end rings of either a
long or a relatively short cylinder in the vicinity of oxtsrmal forces.
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SYMBOLS |

coefficient of load or stress

Young's modulus

shear modulus

axiel force in ring at engle £

moment t_)f inertia of cfross section of ring

length of bay

concentrated bending moment on ring 0 at £ = 0°

bending moment in ring at angle ¢

redial losd on ring 0 at @ = 0°

radlus of cylinder and ring

tangential load on »ing 0 at # = 0°

ghear force in ring at angle §

shear flow in gkin at anéle ¢

elementary shear flow in skin at engle # (coz‘responds to
shear flow for % = O)

thickness of skin

thickness of all msterial carrying bending stresses in

oylinder if uniformiy distributed around perimetor
(ePfective skin)
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o¢ longltudinal direct stress in effective skin at ring stations
and et engle f#

% angnlar coordinate of point on oylinder

Subscriptss o

a axlal force in ring

m bending moment in or on ring

q . ghea:c flow In skin

r radial load on ring

8 sheay foi‘ce in ring

% tengential losd on ring

o] ' direct stress in effective skin at ring stations

Fated direct correctior strese in effective skin &t ring stations
-1, 0, 1 designation of ring or bay

When doubls subscripts sppear, first subscript indicates loads or
stresses in structurel component, and second, applled loading on
the cylindsr.

BLSIS FOR TESIGN CHARTS

The theory upon which the design charis esre based is presgented
in detail in reference 1. Esazentlally, the enslysis consists of the
development and solution in closed form of & fourth-order
finite-difference equation. The develovment is based upon the
maintenance of continuity of deformations between reinforcing rings
end sheet of a circuler semimonocoque cylinder. Only externsl
forces acting In the planz of the ring ares considered. Tae
coordinate conventions are glven in figurs 1 and the sign con-
ventions for forces &nd stressea in flgurv 2.
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Besic agsumptions.- In the development of the theory of
refersence 1 the following basic assumptions were mede!

(1) The structure considered is a circular cylinder comsisting
of bays of idemntical constructlion and extending longitudinelly to
infinity in both directions from a loaded ring. {See fig. l.}

(2) The reinforcing rings are of constant moment of inertia
and are attached continuously to the periphery of the gheet. The
radius to the neutral exis of each ring coincides with the radius
of tho mlddle surface of the sheebt.

(3) The part of the sheet area which 1s ccnsidered to vesist
bending stresseer is addsd to the siringsr area and the combination
1s wniformly distributed about the periphery of the cylinder. This
resulting combination is en effective skin thickness +' which
repists direct stresses. The actusl sheet area is consldered
capable of supporting only sheer sitresses.

. (%) Young's medulus E end the sheay modulus ¢ are constant
throughout the cylinder. Poisson's retio is zero.

(5) Radiel deformation of rings and sheet cause no circum-~
ferential extension of these elements.

" In.accordsnce with assumption (3), the shesr stresses in the
skin do not vary longltudlnally except at rings.

Lpplicability of theory to ecylinders of finite length.~ Although
the solution of the finlte-difference equatlion 1s exact only for

infinitely long cylinders, 1t is shown in reference 1 that the
etresses and loads determined from thile solution compare favoraebly
with those obtained from experiment end from en exact smealysis for
cylinders of finlte length, provided that the cylinders are loaded
at least two bays from extsrnal restralnts. The good agreement
Indicated follows from the fact thet whereass a oconcentrated load
cauges distortions in the reglon of the load, the part of the
cylinder located e few beys from the load cen be assumed mmdisturbed.

ATPLICATICN OF DESIGN CHARTS

Scope and use of charts.~ In reference 1 it 1s shown that
celculations of the stresses and loads in reinforced cylinders
conaslstent with the preceding assumptions are dependent only upon
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6t
the loads introduced end the structural parameters A = RE

1.3
A ot
and 7= B—':-I—L-—. Values for the design charts (figs. 3 to L7) were,

consequently, computed by use of the formulas of reference le.
Formulas shown in the figures are defined in tsble 1. For glven
values of. the structwral paremetere A and A/B, the stress
enslyst can use the charts to determine the followlng stresses
and loeds at any point on the periphery of e cylinder:

(1) The shear flows in the sheet of the bays adjecent to the
loaded ring .

(2) The dirsct stresses in the effective skin at the loaded
ring and at the two rings adjacent to this ring

(3) The moments, shears, snd axlal forces in the loaded ring
and the two adjscent rings :

To apply the charts the strsse enalyst must compute the values
of the structural peramsters A& end A/B and refer to the curves
which most nearly correspoad to these two valuss. (See appendix.)

For each of the values of A = 2 x 102, 2 x 10%, and 2 x 105,
curves are presented corresponding to several values of A/B
ranging from O tow. The strosses and loads in the sheet and rings
ere detormined from the formules end curves given in the charts.

Application to centllevered cylinders.- Separate chertes are
presented for each of the three basic ring losdings: & concenbrated
radiel load, a concentrated tangentlal losd, and & concentrated
bending moment. These charts epply directly to cantilevered
cylinders loadsd in the plans of one reinforcing ring. The stresses

‘and loads causeC. by two or more of -the basic ring loadings cem be

combined to glve the streseses amd loads resulting from any type of
applisd concentrated losd. Ths stresses due to loads acting at
several rings at verious angles ¢ can be superimposed to give the
stresses caused by these loads acting simnlteneously.

Application to cvlinders not cantilevercd.- Although ths charts
are constructed upon the assumption. thet the cylinders are canti-
levered, they nevertheless can be used in the analysis of cylinders
not cantileversd. As indicated in reference 1, stresses and loads
in the sheet and rings of a cantilevered or noncantilevered cylinder
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can be resolved into the following two camponenits: (1) the

equilibrium stresses end loads obtained from the selementery theory .
of bending end torsion (reference 5) eand (2) the correction

stresses and loads due to the consideretion of the distortions of

rings end sheet.

In the charts presented the coefficients for the elementary
stresses end loads ares those of a centilevered cilrculsr cylinder

and correspond to the curve for % = 0 in each chart. For other

conditions of support the charts for ring coefficlents are valid

in their present form, whereas thoss for sheet coefficients are
readily applied 1f, for each loading condition, coefficients

for % = 0 are subtracted from the coefficients corresponding to
the velues of A end A/B pertinent to the cylinder being analyzed.
The resulting differences represent correctlon cosfficlents vhich
can be added to the elementery values consistent with any other

type of end restraint. (See avpendix for a numerical exsmple.)

ACCURACY OF CHARTS

It was shown in reference 1l that the method of emalysis applied
in the construction of the design charte can he expected to give .
stresses and loads which egree satlefactorily with experimental
values, provided that the extermal restraints on the cylinder being
analyzed are located two or more bays from the loaded ring. The
numerical example given in reference'l, however, utillzee exact
values of A and A/B for the cylinder analyzed. Since, in
general, these velues for a particular cylinder will not correspond
exactly to eny of the curves presented in figures 3 to 47, a
numericel exsmple, in which velues of A and A/B from the charts
are used, is given In the appendix. The curves in figures 48 and 49
show comparlsons among some of the coefflcients for a yadially
loaded cylinder obtained by using chart values, by recurrence-formmla
solution based on the finite cylinder as in rsference 1, by the
standard or elementary sclution, and by experiment (cylinder 2,
reference 4). Although the cylinder analyzed contaiped only four
baye, coefflclents obtained from the charts are In satlsfactory
sgreement with those obtained by recurrence~formile solution and
‘experliment. .
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o RESUME
‘ - " N

Design charts are presented which are based on the solution of
the finite-differsnce equation obtained in WACA Technical Wote
No. 1219. These charts permit the rapid determination of the

following stresses and locads in circular cylinders 1oa6.ed in the
plane of one reinforcing ring:.

(1) The shear flows in the sheet of the bays ad.jacent %o 'the
loaded ring

(2) The direct stresses in the effective skin at the loaded
s ring and at the two rings adjacent to this ring

(3) The mcments s shears, end axial forces in the loeded ring
end the two adjacent rings

For cylinders loaded at more then one ring or at several positions

on the same ring, the total stresses can be obtained by superposition

of those stresses determined from consilderation of the cylinder for
each Individual load.

Iergley Memoriel Aercnamtical Ieboratory

National Advisory Coammitize for Aercmeutics
Iengley Field, Va., March 25, 1947
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' APPENDIX .
NUMERICAL EXAMPLES

Cantilovered cylinder.~ In order to 1llustrate the procedure
used in the application of the charts to cantilevered cylinders,
cylinder 2 of reference L4 is considered in this appendix. As '
indicated in the sketch of filgure 4B , the cylinder has four bays
end is radlally loaded at the middle reinforcing ring. The
following properties of the cylinder are obtained from teble 1
of reference 41 .

R, in. L . L 4 L4 * . L] L] L ] L] L L * L Ld . . . . . . [ L] . L L] . 15
L, inn * B & &2 8 e e 2 0 e r B * e s+ ¢ o e -' L S I R T N 4 15
t, in .L'. ¢ s v B e e e ¢« ¢ e 9 ¢ * 8 s @ & ¢ & o 2 s ¥ 8 @ O -0320
I [ ] [] . [ ] . . . [ ] . L] . . . » . L[] L] o e . . . . . . . LA ] 0 -014-001

-

Since the cylinder has no longitudinal reinforcements,
t!' = t = 0.0320 in. In reference 4 Young's modulus is taken
a8 10.6 X 105 ksi end the shear modulus as 4,00 x 103 ksi.
Consequently,

a = 198 x 0.03R0

3 = 2700
0.04001 x 15
and

k.00 x 103 x 0.032 x 15%
10.6 x 103 x 0.04001 X 15

% - = 1020

The values of A end A/B from the chert that are nearest to
the computed values exe ’

A=2X10h'

and.

%n 103
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The coefficilents for loads and stresses that correspond to a radiel
loed on the cylinder, therefors, are obtained from the curves

corresponding to %: 103 in figures 18 to 22. The coefficients

can be converted to loads and stresses with the aid of the formulas
glven in the charts end sumnarized in table 1. The coefficlents
for bending moments in the rings end shear flows in the sheet for
this exempls are plotted in figures 48 and 49 where coefficilents
determined by other methods of snalysls and by experiment are also
plotted for comparison.

Simply supported cylinder.- I the beam analyzed in the
previous problem is now considered simply supported at the end
rings end radially loaded et the middle ring {see sketch in Figa 50) s
the elementary shear flow consistent with this method of support
must be computed, and the corrsction shear flow dus to the distortion

of the cylinder cen bs determined from figwre 21 (& =2 x 10
end % = 103). bs mentionsd in the section of the present paper
entitled "APPLICATICN OF DESIGN CHARTS," the coefficlents for ring

stresses and loads can be obtained directly from the charts
(figs. 18 to 20). Tho elementary shear flow in bay O is

P
qRa‘égﬁSin¢

A curve Por shear-flow coefficlents corresponding to this standard
solution is glven in figuwre 50. The correction shear-flow
coefficients are determined from figure 21 by subtraction of the

coefficients given by the curve for %u 0 from those given Dby the

curve for ‘% = 103, These corrections are plotted in figure 50.

Ldditicn of the elementary and corrsction-coefficlent curves yilelds
the curve for the total sheer-flow coefflclent, which is also shown
in figurs 50. Because of the symmetry of loeding, the shear-flow
coefPiclients for bay -1 are the negatlive of the corresponding
coefficients for bey 0.
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TABLE I.- FORMULAS FOR LOADS ARD STRESSES

[S1ge convention 1s shown in figure 2 |

Quantlity to

by oyl Radlal loed, P | Tengential loed, T | Moment losd, M
il i B i B e
*;ﬁ“ai By=CouP =Ry |Ej=Cyul=Hy H¢=Cam%=-1{_¢
?,2;";;‘“5 Vg =OuP = Vg (Vg=CyT=Ty v¢=cm§.—.v_¢
Plow qﬁacqr%='q'¢ % = Oqu 5 = o4 qﬁ_cqmlf?:qﬁ
EE:;: “gJ:Co-r“l;g:“,=°.¢“¢‘Cct3§;““-¢“¢=cm§%,='°—¢

NATTONAL ADVISORY
COMMITTEE FOK AFRONAUTTCS

OTET *ON ML VOVA

T



NACA TN No. 1310 Figs. 1,2

el
& G
Bay 2O T2
Rng 2 | O 1| 2

Figure 1.- Part of infinitely long cylinder.

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure 2.- Sign convention,
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(A = 2 x 102.)

Figure 4.~ Ring axial-load coefficients for radial load.
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(A =2 x 102)
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Fig. 7
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Fig. 9
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Figure 17.- Skin direct-stress coefficients at rings for moment load.

(A = 2 x 102.)
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Figure 33.- Ring bending-moment coefficients for radial load.
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Figure 39.- Ring axial-load coefficients for tangential load.
(A =2 x 105.) |
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Figure 40.- Ring transverse-shear coefficients for tangential load.
(A =2 x 108,
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Figure 42.- Skin direct-stress coefficients at rings for tangential load.
(A =2 x 10%,)
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axial-load coefficients for moment load.
(A = 2 x 105,)

Figure 44.- Ring
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Fig. 45
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Figure 45.- Ring transverse-shear coefficients for moment load.
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Figure 46.- Skin shear-flow coefficients for moment load.
(A =2 x 108,)
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Figure 47.- Skin direct-stress coefficients at rings for moment load,

(A =2 x 105.)
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Figure 48,- Comparison among calculated and experimental ring
bending-moment coetficients for cantilevered cylinder.
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Figure 49,~ Comparison among calculated and experimental skin
shear-flow coefficients for cantilevered cylinder.
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Figure 50.~ Shear-flow coefficients for simply supported cylinder.



